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I. Introduction
Numerous videos of space shuttle and ballistic missile atmospheric reentry, freely available on the Internet, clearly demonstrate the bright optical signature presented by a hypersonic reentry body from great distances over extended periods of time. This work explores whether, when, and where a reentry body will exhibit optical signatures visible to the unaided human eye during reentry. Radiant emissions from hot gases in a shock layer that forms around the leading edge of a reentry body during its hypersonic flight through the atmosphere can generate an optical signature. We calculate variation of the signature with viewing location and time. The analysis further explores whether such signatures will be "noticeable," a term explored herein. The paper divides the analysis into radiant emissions, optical transmission and attenuation, limits of human perception, and "noticeability."
II. Theory
A. Radiant Emissions
When an object moves through a gas at greater than the ambient speed of sound, it generates a shockwave. As gas passes through the shockwave, its pressure, density, and temperature suddenly rise. Kinetic energy from the rapidly moving object highly energizes the gas. If the gas becomes sufficiently energetic, it will radiate electromagnetic energy with a wavelength and intensity related to its molecular content, density, and temperature
Determining this spectrum of emission garnered intense interest in the early era of intercontinental ballistic missile (ICBM) development, mostly because of concerns about the resulting heat transfer to the reentry vehicle itself.
Radiative heat transfer does, in fact, account for a substantial portion of the total heating of the reentry body [1] . At the high energies and temperatures associated with ICBM reentry (on the order of 7 km/s reentry velocity), molecules in the atmosphere dissociate and ionize, and the resulting emission spectrum does not resemble the classic black-body spectrum of Planck's Law. However, the emission spectrum has been characterized, and Maiden's book shows the intensity of emission in the visible spectrum from the stagnation point as a function of reentry velocity and altitude [2] . To give a sense for the scaling of the emission function, in the vicinity of 6-km/s velocity and 30-km altitude, the stagnation point radiant intensity is approximately proportional to V 8.5 ρ 1.6 , where V is the object velocity and ρ is the ambient density [3] .
The temperature of the air in the shock layer diminishes as it moves along the body away from the stagnation point. The local temperature in the shock layer near a spherical nose can be characterized by the angular position away from the tip, meaning that the area of a region above a given temperature will be proportional to the square of the nose radius of curvature. The hot gases are also optically thin, meaning that the amount of radiation emitted will depend on the volume rather than the surface area. The thickness of the shock layer is proportional to the nose radius of curvature, so the volume of gas above a given temperature will scale with the cube of the nose radius of curvature. The integrated total visible spectrum radiant emission (luminous power) from the nose (accounting for the diminishing temperature away from the stagnation point) is given approximately by φ = 0.1J S R 3 N , where J S is the volumetric luminous intensity at the stagnation point and R N is the nose radius of curvature [1] . For comparison, at 6-km/s velocity and 30-km altitude, a body with a 50-cm nose radius of curvature will radiate 125 kW of visible light, about as much as 60,000 100-W incandescent bulbs (each with a visible efficiency of 2%).
Although the hot gases around the nose of a reentry body do not radiate as a black body, the black-body scaling gives a sense that one might expect strong velocity dependence. For an ideal gas with a constant specific heat (not the case at the high temperatures present in the case of interest), the stagnation temperature is proportional to the velocity squared [4] ,
where T is the absolute stagnation temperature, T ∞ is the absolute ambient temperature, γ is the ratio of specific heats, and M is the Mach number. Black-body radiation flux, q˝, described by the Stefan-Boltzmann law, q˝ = σT 4 , together with the aforementioned temperature-velocity scaling, indicates that q˝ is proportional to V 8 .
The stagnation temperature of a real reentry body will be lower than the calorically perfect ideal gas stagnation temperature described above because, in a real gas, specific heat rises with temperature as nontranslational modes absorb energy. At very high energies, the radiation will also arise from transitions of specific molecular and ionic species present in the optically thin gas, whereas a black body produces a material-independent spectrum and behaves as an opaque surface emitter.
Ablative cooling of the reentry body may introduce smoke, soot, or other particulates into the shock layer, and these materials have the potential to render the shock layer optically thick and its radiation more like that of a black body. At the same 30-km altitude and 6-km/s velocity used previously as a reference point, the stagnation temperature is 14400 K (for a calorically imperfect but thermally perfect gas, calculated in accordance with [4] ). For a spherical nose, the maximum temperature resides at the stagnation point in the front and decreases towards the nose edge. Assuming the temperature decreases by 75% at the nose edge, the temperature in this region would be 10800K [1] . The Stefan-Boltzmann Law predicts a total black-body radiant power of 600 MW, of which 30% is in the 340-540 nm band (in accordance with Planck's law) (e.g. [5] ) or 180 MW versus the 125 kW predicted for the untainted hot air-a difference of 3 orders of magnitude.
B. Optical Transmission and Attenuation
Given the luminous power of the reentry body calculated using the methods of Section II.A, we next address how much of that power reaches an observer on the ground. The light radiated from the reentry body spreads, which reduces its flux in proportion to the distance squared, and attenuates exponentially through scattering and absorption in the atmosphere according to Lambert's Law [5] . The combined effect of these two principles is known as Allard's
where E is the illuminance (incident visible light flux) at the observer, D is the distance separating the reentry body and observer, I 0 is the luminous intensity (the luminous power per solid angle in the direction of the observer) of the reentry body, and α is the attenuation coefficient. To evaluate the light reaching an observer, illuminance (at the observer) must be calculated. We assume that the luminous intensity is distributed omnidirectionally, so that I o = φ/(4π), where φ is the luminous power.
The attenuation coefficient at 550 nm (green light in approximately the perception-weighted center of the visible spectrum) is α 0 = 2.0 × 10 -5 m -1 at sea level [7] . Attenuation effectively acts per unit air mass traversed, so the attenuation along a path through the atmosphere is based on the distance at sea level required to traverse an equivalent mass of air to that along the true path. Allard's law can be expressed in terms of sea-level equivalent atmosphere traversed:
where m is the air mass traversed by the line of sight between the observer and the reentry body, m 0 is the total air mass in the atmosphere along a vertical column from sea level to space, and H is the scale-height of the atmosphere over which density decreases by a factor of e (approximately 6,700 m). The amount of air in an infinitely tall column in an exponential atmosphere (An exponential atmosphere is described by = 0 ⁄ , where is the density, 0 is the density at sea level, and z is the altitude.) is equal to that in a sea-level path of length equal to the scale-height �∫ ∞ 0 = 0 �. When viewing through the atmosphere, the viewing elevation angle, θ, has a pronounced effect. The air mass traversed looking out beyond the atmosphere at the horizon is 38 times that looking at zenith [8] . For an exponential atmosphere, a good approximation, even near the horizon, is
where R E is the radius of the earth and z is the altitude of the object.
Equation (3) permits calculation of how much illuminance, or total visible light flux, would be incident on a ground observer. The brightness of the reentry body to the observer (i.e., the concentration of the apparent origin of the illuminance) is given by the illuminance per solid angle subtended by the reentry body from the perspective of the observer. In other words, a very bright but small source can provide as much illumination as a dim but very large source. For a resolved object without attenuation, luminance is invariant with distance because the illuminance and the solid angle subtended both diminish with the inverse square of the distance. This principle is easily observed on a long stretch of a city street that has traffic lights visible for multiple blocks ahead. Lights further and further ahead appear smaller and smaller, but the brightness of the lights appears undiminished. However, if a source is sufficiently distant that it appears as a point source (really, the minimum resolvable size), the illuminance still drops as the inverse distance squared, but the apparent size remains constant, which causes the apparent luminance to drop with the inverse distance squared. Thus, apparent luminance is given by
where Ω is the solid angle subtended by the light source from the perspective of the observer, and Ω min is the minimum resolvable solid angle. Absolute luminance would be based only on the true solid angle subtended.
C. Limits of Human Perception
The most basic determinant of whether an object is discernible by the unaided human eye is its contrast with the background. Contrast, C, is defined as the excess brightness of the object relative to the background luminance, L 0 :
An object brighter than the background presents positive contrast, and an object darker than the background presents negative contrast. An object cannot have negative luminance, so contrast ranges from negative one to infinity. Path luminance (the scattering of ambient light to the observer along the viewing path) diminishes observed contrast. Path luminance, considered primarily during daytime, depends on sun elevation angle, viewing elevation angle, and viewing azimuth angle relative to the sun. Path luminance exponentially approaches background luminance in the same fashion that Lambert's law describes attenuation of object luminance [9] .
The absolute value of contrast determines visibility, so negative and positive contrasts of the same magnitude contribute equally to visibility [10] . The size of an object (angle subtended) also contributes to its visibility, with larger objects being more visible. Below a critical angular size, objects appear as point sources, and size does not contribute directly to visibility. However, the absolute contrast (as opposed to apparent contrast) requirement continues to vary because the apparent luminance diverges from the absolute luminance [11] . In this regime of apparent point sources, the threshold represents a constant minimally perceptible point source illuminance.
The third variable contributing to human visibility thresholds is ambient light level. The retina-the detector in the human eye-contains two types of light sensors: rods and cones. The rods, which are far more sensitive than the cones (rods can detect a single photon), are principally used for vision in dim lighting. The cones are used for bright environments. The rods and the cones are distributed differently over the retina, and neither is distributed homogeneously. Cone-based bright-light sensitivity is principally central vision, whereas rod-based dim-light vision is highly peripheral. Because the eye adapts to the ambient light level and the dominant modes of vision vary with the adaptation to the light level, the human thresholds for discerning objects also depend on the ambient light adaptation level. Greater contrast is required at lower ambient light levels. While the human eye could discern a contrast of 0.4 in daylight, it could not discern a contrast below 710 in starlight. The critical angular size below which objects appear as point sources also grows with lower ambient light levels, ranging, for example, from 0.2 mrad in daylight to 2 mrad in starlight. Blackwell quantified the threshold contrast level as a function of object size and ambient light level [11] .
D. Noticeability
Blackwell based his results for contrast thresholds on experiments conducted to discover the bare minimum required for 50% probability of discernment of an object in a known position and with a long observation period [11] . In this study, we are concerned not just with visibility, but also with what might be termed "noticeability." The question is not what might be barely discerned with careful study of a prespecified location but rather what a casual observer would notice without cueing or foreknowledge and without necessarily looking in exactly the right place at the right time.
Many studies have been conducted on what is termed "attention capture," (i.e., what people will notice).
Relevant here, in particular, are two terms: "reflexive" attention capture, meaning that the subject's attention is involuntarily drawn, and "explicit" attention capture, meaning that the subject is aware that his/her attention has been captured. (There is also implicit or subconscious attention capture in which a subject is distracted from a primary task by the appearance or presence of the target object even though his/her focus does not shift to it.) The results have shown significant variation depending upon the task in which subjects were engaged, state of mind of the subjects, dynamics of the target object (moving versus stationary), colors, uniformity or pattern of the background, presence of other objects competing for attention, distance of the target object from the center of fixation (where the subject was looking), expectations of the subject regarding the appearance or presence of the object, and so forth. In other words, the variables are too numerous to extrapolate a single generic explicit reflexive attention capture threshold [12] .
Instead of deriving a theoretical threshold, we use an analogous situation to provide a meaningful metric for the evaluation of noticeability. The Federal Aviation Administration (FAA) has established regulations for the installation of obstruction lighting on tall structures to alert pilots of their presence and avoid collisions. In other words, the FAA has established a standard for a particular type of explicit reflexive attention capture device to ensure that pilots, unaware of the presence or location of such a beacon in advance, notice and attend to beacons within their fields of view. For example, for white non-strobe lights, the FAA mandates obstruction lights of 100,000 candela luminous intensity to provide daytime visibility (noticeability) at 4.3 km on a day with 4.8-km meteorological visibility 3 [13] . From Allard's Law, the illuminance under these conditions is 3.6 × 10 -4 lumens/m 2 .
3 Standardized visibility distance is calculated from the atmospheric attenuation coefficient (α). For daytime conditions, α = 3/visibility. For nighttime conditions, α = -ln(visibility/4.79 × 10 5 m)/visibility [17] . Another possibility is the Koschmieder Equation, α = 3.912/visibility, which fits better with the data in the FAA bulletin [9] .
For the hazy conditions that give rise to this visibility level, we presume the background brightness to be equivalent to an overcast sky, approximately 300 cd/m 2 [14] . The critical visual angle at that adaptation brightness is approximately 0.2 mrad (3 × 10 -8 sr) [11] , so at 4.3-km distance, any source smaller than 90 cm would appear as a point source. For a source falling into that regime, the apparent brightness of the obstruction lighting (in addition to the superimposed background and path luminance) would be 12,000 cd/m 2 , and the contrast would be 39 compared to a threshold of 0.37 for a ratio of approximately 100. The same can be done for the nighttime requirements to yield a contrast ratio of 200-400, depending on the method of inference of the attenuation coefficient from reported visibility. In both cases, the FAA lighting requirement is on the order of a few hundred times the minimum contrast threshold for detectability. For this study, we take the 400x threshold contrast level as the standard for high noticeability.
III. Results
In Fig. 1 , we show four manners of characterizing the visual signature of a reentry body at an instant in time. dark cloudless (moonless) night (labeled 'Star'), full moon night (labeled 'Moon'), zenith brightness at sunset (labeled 'Twilight'), and zenith brightness at 10:30 A.M (labeled 'Day'). 4 Figure 1a shows that the given reentry body would be noticeable at night at distances of nearly 500 km from nadir, even on a full moon night; however, during the day, it would be detectable but not noticeable to the 400x threshold standard, even from directly below. Figure 1b shows the raw, unnormalized contrast level. Figure 1c shows the amount of light cast by the reentry body on the ground in the form of illuminance or flux of visible light power. Figure 1d shows astronomical apparent magnitude (V-band), which is a measure astronomers use to rate the visibility of celestial bodies. Apparent magnitude measures relative illuminance and is really designed for point sources. The scale is logarithmic (with lower magnitude meaning brighter) and five steps in magnitude corresponding to a factor of 100 in illuminance [15] . The full moon has an average magnitude of -12.7, and Venus has an average magnitude of -4.4 [16] . For those familiar with magnitudes, Fig. 1d 
IV. Conclusion
For a given reentry body, methods in this paper allow calculation of noticeability and visibility regions with a reasonably simple criterion for assessing noticeability by analogy to FAA lighting visibility requirements. For many conditions, particularly at night, reentry bodies may be noticeable for hundreds of kilometers around the impact point for periods of time ranging from tens of seconds to minutes before impact. Purely ballistic reentry bodies of the scale in the examples shown would be noticeable for hundreds of kilometers at night over regions including the impact point but for less than a minute prior to impact. Strongly lifting reentry bodies could be visible thousands of kilometers and tens of minutes in advance of the impact site as they skip off the denser atmosphere, but they would slow sufficiently with successive skips that, by the time they come over the impact point's horizon, they would no longer be noticeable.
Appendix
A derivation of the air mass approximation is given here. The law of cosines relates viewing elevation angle, range, and altitude. For any point along the line of sight,
where x is the distance from the observer of a point along the line of sight and z is the altitude of that point. This relationship can be solved for x or z:
The mass of air traversed relative to 0 is
For ≪ , Eq. (A2) can be approximated by the first two terms of a Taylor series expansion of the radical about
and Eq. (A4) can in turn be approximated by
Equation ( 
Using the approximation therefore amounts to underestimating the true local density (by overestimating the altitude) with an estimate that gets worse with increasing altitude. Comparing the approximation of Eq. (A8) for an object at 150 km altitude to the tabulated data in Young [8] shows that the error does not exceed 0.15% for elevation angles above 2 degrees and peaks at 1.8% error for a horizontal path. 
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